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THE EFFECT OF INCLUSION SHAPE ON THE
ELASTIC MODULI OF A TWO-PHASE MATERIAL·

TAl TE Wu
Division of Engineering, Brown University, Providence, Rhode Island

Abstract-A self-consistent model is used to calculate the elastic moduli of two-phase materials with the
assumption that the inclusions are spheroidal. The limiting cases of needle and disk shaped inclusions are
explicitly shown. It is found that the latter has the greatest effect in changing the elastic moduli of the matrix.

INTRODUCTION

VARIOUS calcula!ions concerning the properties of heterogeneous materials have been
reviewed recently (1]. An exact calculation appears beyond any possibility since the pre­
cise distribution of the different phases cannot be specified. A low concentration of
spherical inclusions was first studied by Einstein [2], but his method is difficult to extend
to the study of high concentr~tions. Upper and lower bounds were obtained with the
application of energy methods [3] and subsequently refined [4]. The exact bounds are
still too far apart to provide predictions of experiment results. Curve fitting method was
developed [5], but an arbitrary parameter was left unspecified.

In order to study the effect of inclusion shapes at relatively high concentrations, the
method of self-consistent field [6] provides a useful estimation. An explicit calculation
requires the assumption of the shape of the inclusions [7]. This shape-effect on elastic
moduli is studied in the present paper.

STRAIN FIELD WITHIN THE INCLUSION

The strain field within an elastic ellipsoidal inclusion embedded inside an elastic
matrix subjected to a displacement with uniform strain field at infinity has been obtained
by Eshelby [8]. That a closed form solution is possible in this special case can be suspected
from the integral equation formulation [5], i.e.

o 1 i [8 c5li 1 8
3

1 ]
Uj(x) = Uj (x)+-4G :;-;-,--,,- 4(1 ) ~ 'jJ ,~ '-I--'I

11: 0 uXj x-x -vo uX x,uxj x-x
V2 (1)

[exs,ix') +pc5'/KK(x')] d3x',

where u,(x) represents the displacement field, u?(x) that at infinity. The shear modulus
and Poisson's ratio of the matrix are designated by Go and vo, V2 is the volume occupied
by the inclusion, Sjjx) is the strain field derived from Uj(x),

ex = 2(Go- G2 ), (2)

* The work presented in this paper was supported by the Atomic Energy Commission through Contract
AT(30-1)-2394.



2

and

TAl TE Wu

(3){3 - 2( Go G2 )
- 1- 2v

O
- 1- 2v

2
'

where G2 and V2 are the shear modulus and Poisson's ratio of the inclusion. If it is
assumed that sij is homogeneous, the second bracket can be put in front of the integral
sign. For the special case of V2 being ellipsoidal, the integration has been calculated and
found to depend on the displacement linearly [8], so that E;ij is indeed homogeneous.
Therefore, the integral equation (1) can be reduced to an algebraic equation. For the
ellipsoidal axes coincide with the specimen axes,

(4)

where sZ is the uniform strain field at infinity and S;jlk is the tensor introduced in Ref­
erence [8].

Equation (4) can be solved to give

(5)

where

(6)

and similar expression for T2323 = T3232 , and T3131 = T1313 ;

f
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T3333
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1+AS1111 +BS 1

= AS2211 +BS2

AS3311 +BS3

AS1122 + BS 1

1+ AS2222 +BS2

AS3322 +BS3

AS l133 +BS 1

and the other components of T;jpq vanish. In equations (6) and (7), the following abbrevia­
tions have been used,

(8)

(9)

(10)

and similar expressions for S2 and S3, where K o and K 2 are the bulk moduli of the
matrix and inclusion respectively.
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Elastic moduli of the two-phase material

In a composite, let the matrix be specified by subscript 1, and the inclusions sub­
script 2, and the composite by subscript O. Consider a uniform surface traction T? = a~nj

prescribed at the boundary of the composite which is infinitely large. The total elastic
energy is [8]

(11)

where e~ = L1(a~), and L 1 is the linear Hookean operator with elastic constants of the
matrix. Since

(12)

and

the energy expression (11) can be simplified to

lroo lr 0E=21 aijeijdV+21 adeij-L 1(ai)]dV.
v V 2

(13)

(14)

On the other hand, the total energy is also given by ta~Lo(a~)V, where Lo is the linear
Hookean operator with elastic constants of the composite. Therefore,

aZLo(aZ) = aZL1(aZ) +C 2aZ{(ei)ave - L 1[L;1(eij)ave]}, (15)

where C2 is the volume concentration of the inclusions, L 2 is the linear Hookean operator
with elastic constants of the inclusions, and

(eij)ave = ~ r eij dV. (16)
2 JV2

It is therefore clearly indicated that in order to find the elastic moduli of the composite,
there is no requirement to calculate edx) explicitly.

In order to estimate (ei)ave, an inclusion of a specified shape is assumed to be embedded
in a matrix made of homogeneous material with the gross properties of the composite.
If the inclusion is ellipsoidal, the strain field is given in equation (5) and assumed to be a
sufficiently close estimation for the true (ei)ave' The case of spherical inclusions has been
considered previously [9] and is particularly simply due to the lack of orientation
dependence. In the case of ellipsoids, the estimated strain depends on the relative orienta­
tions between the ellipsoidal and specimen axes, so that an additional average is required.

According to Kroner [10], for random distribution, the two unknown constants, K o
and Go, can be determined from the scalar forms of T;jpq. In fact, there are only two scalar
forms, i.e. 'I;ijj and 'I;jij' This argument can be verified by direct integration over all
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orientations. Equation (5) may be generalized to include relative orientations, and sub­
stituting this general form into equation (15) gives

1
aZ-npq Eo [(1+ vo)ojpojq - VOoijopq]

o 0 1 [ s: ]= aippq- (l+v 1)o jpOjq-V1uijopq
E1

+aZ-npqC2{Clijrs)aveL[(1 +VO)orpOsq - voOrsOpq]

Similarly, the shear modulus of the composite is given by

1 1 [ C2 (G 1 -G2\1
Go = G

1
1+15(3'T;ji j - 'T;ijj\ Go JJ' (19)

Equations (18) and (19) are coupled through 'T;jjj and 'T;jij'
For simplicity, only the case of spheroids is considered so that the limiting cases of

needle and disk shaped inclusions can be calculated explicitly. The values of the scalar
quantities, 'T;ijj and 'T;jjj-t'T;jjj' for composites with spheroidal inclusions are given in
the Appendix.

The shape effect

The result in the Appendix can be simplified in the case of needle and disk shaped
inclusions. For needle-shaped ones, the elastic moduli are governed by

_1 1_[1+ C2 3+RA K t -K21
K o - K

1
3 1+(1-R)A+(3-4R)B K o J' (20)

and

_1 __1 (1 C2 { 2 1 (l-tR)(A+3B)
Go - G 1 + 5 1+(Aj2)+I+(I+R)(Aj2)+I+(I-R)A+(3-4R)B

2[1 +(3-R)(Aj4)+(3-4R)(Bj2)] }G1 -G2\

+[I+(I+R)(Aj2)][1+(I-R)A+(3-4R)B] Go)'

(21)
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where A and B are given by equations (8) and (9), and

R= 3~ ~~
3Ko+4Go

Similar, for disk-shaped inclusions,

1 1 [1 C2 3+4RA K l -K2J
Ko = K

l
+31+A+(3-4R)B Ko ' (23)

and

~ = _1{1+C2[~+1+ 2+(2- tR)A+2(3-4R)B1G I -G2}. (24)
Go Gl 5 1+A 1+A+(3-4R)B J Go

For comparison, the governing equations for spherical inclusion are [9]

1 1 [ C2 K I -K21
Ko = K l 1+1+(1-~R)(A+3B) Ko J'

and

(26)

In equations (25) and (26), the roles of K 1 and K 2' Gland G2' C1 = 1- C2 and C2'

i.e. the roles of matrix and inclusions, can be interchanged without alteration of the
governing equations. This is not true for the case of equations (20) and (21), or equa­
tions (23) and (24). Such symmetry property seems to ,indicate that the present scheme
of estimation may not be adequate in distinguishing different types of distributions.

In general, equations (20) to (26) are still too complicated to give any indication of
the shape effect of the inclusions. In order to simplify these relations, the special case of
Vl = V2 = 0·2 is considered. It can be shown that Vo = 0·2 for a composite with disk­
shaped and spherical inclusions, and that Vo is approximately equal to 0·2 for that with
needle-shaped inclusions. Then, Young's modulus of the composite can be explicitly

MATRIX WITH HARD INCLUSIONS
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MATRIX WITH SOFT INCLUSIONS
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FIG. 2.

calculated for different values of C2 with the use of the standard relations between Eo
and Go, K o, vo. In Figs. 1 and 2, the effects of hardening and softening are shown by
plotting (Eo-E1)/(E2 -E1) and (E 1 -Eo)/(E1 -E2) against C2 respectively. The sym­
metrical nature of spherical inclusions is again indicated.

Physically, if we want to render a material completely useless by the introduction of
holes, this will require 50 %spherical ones, 43 %needle-shaped ones, and an infinitesimal
amount of disk-shaped ones (Fig. 2). Intuitively, disk-shaped inclusions are similar to
plane cuts, so that their effects are most pronounced. However, due to the inherent nature
of approximations involved in the self-consistent field, the above numbers should not be
taken too seriously. A similar behavior is observed in increasing Young's modulus of the
composite (Fig. 1). This result can be shown more clearly by plotting Eo/E 2 against C2

with Ez/E 1 = 10 (Fig. 3) or Eo/E 1 against Cz with Ct/Ez = 10 (Fig. 4).
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FIG. 3. FIG. 4.
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CONCLUSION

7

One of the practical applications of two-phase materials is to increase the elastic
moduli of a relatively soft and light material by dispersing inclusions of .; different
material in the former. In the present study, it has been found that the sh.lre of the
inclusions plays an important ·role. The disk-shaped inclusions give by far Ihe most
significant increase in Young's modulus. The validity of the present analysis. however,
awaits experimental verification.

Acknowledgement-The author is greatly indebted to Professor B. Budiansky for suggesting the pro .'fl.

REFERENCES

[I] Z. HASHIN, Theory of Mechanical Behavior of Heterogeneous Media, Appl. Mech. Rev. 17, 1 (1964).
[2] A. EINSTEIN, Eine neue Bestimmung der Molekueldimensionen, Ann. Phys. 19, 289 (1906) and 34, 591

(1911).
[3] B. PAUL, Prediction of Elastic Constants of Multiphase Material, Trans. Am. Inst. Min. Engrs. 218, 36

(1960).
[4) R. HILL, Elastic Properties of Reinforced Solids: Some Theoretical Principles, J. Mech. Phys. Solids 11,

357 (1963).
[5) T. T. Wu, On the Parametrization of the Elastic Moduli of Two-phase Materials, J. appl. Mech. 32E, 211

(1965).
[6) D. R. HARTREE, The Wave Mechanics of an Atom with Non-Coulomb Central Field. Part II. Some Results

and Discussion, Proc. Camb. phil. Soc. 24, III (1928).
[7] B. BUDIANSKY and T. T. Wu, Theoretical Prediction of Plastic Strains of Polycrystals, Proc. 4th U.S. Nat/.

Congo Theor. Appl. Mech. Il75 (1962).
[8] J. D. EsHELBY, The Determination of the Elastic Field of an Ellipsoidal Inclusion, and Related Problems,

Proc. R. Soc. (London) A241, 376 (1957).
[9) B. BUDIANSKY, private communication.

[10) E. KRONER, Berechnung der Elastischen Konstanten des Vielkristalls aus den Konstanten der Einkristalls,
Z. Phys. 151, 504 (1958).

APPENDIX

In this appendix, the scalars, T;ijj and T;jij-tT;ijj, involved in equations (18) and (19)
for spheroidal inclusions are summarized. Their derivation is straight forward but involves
tedious algebraic manipulations. Let the radii of the ellipsoid be denoted by a, band c.
For prolate spheroids, a ~ b = c,

T;ijj = 3{l +AH(f+O)-R(-U+iO-!m
{I +A[1 +!(f+0)- RHf+iO)]+B(3-4R) (AI)

-!A(A+3B)(3-4R)[f+O-R(f-0+202m-1,

and

T;jij-!T;ijj = 2{1+!A[_a
2
;c

2
f + R (2_0+ a

2
;c

2
f )J}-1

+{I +iA[30+ f - R(f-om- 1

+({I +iA[30+ f -R(f-om
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A {A[ - f +R(f+0-t)]+BO(3-4R)}

+2{l +A[l+ f -R(f+0)]+B(l-0)(3-4R)}

x {I +iA[90+3f-R(SO+ 3f)]+!B8(3-4R)}

-2{A[I-tO-!f+!R(SO+ f -4)]+B(I-0)(3-4R)}

x {A(-!f+!R(f-0)]+!BO(3-4R)})

x {I +tA[30+ f -R(f_O)]}-I

X {I +A[1 +t(f+O)-R(tf+10)]

+B(3-4R)+!A(A+3B)(3-4R)[f+O-R(f-0+2(2
)]} -I,

where A, Band R are given by equations (8), (9) and (22),

0= (a2~:2)t[~(:~-1r-COSh-I~J
and

a2

f = -2-2 (2 - 30).
a -e

(A2)

(A3)

(A4)

(AS)

For prolate spheroids, a = b ~ e, 0 and f in equations (AI) and (A2) are replaced by
4J and g respectively, where

a
2
e [ e e ( e

2)fJ- cos- I _-- 1--4J - (a2_e2)t a a a2 '

and

e2

g = -2-2(34J-2).
a -e

(Final draft received 26 March 1965)

(A6)

Resume-Un modele auto-uniforme sert a calculer les coefficients d'elasticite de matieres biphasees en sup­
posant que les inclusions soient spheroidales. Les cas limites d'inclusions en forme d'aiguille ou de disque sont
nettement indiques. On a trouve que cette derniere cause Ie plus grand changement de coefficients de la matrice.

Zusammenfassung-Ein in sich konsistentes Modell wird zur Errechnung des Elastizitiitsmoduls zweiphasiger
Werkstoffe beniitzt unter der Voraussetzung, dass die Einschliisse sphiiroider Form sind. Grenzfalle nadel-und
scheibenformiger Einschliisse werden ausdriicklich gezeigt. Es wurde festgestellt, dass die letzteren die stiirkste
Wirkung in Bezug auf die Veriinderung des Elastizitiitsmoduls der Matrix ausiiben.

AficTpaKT-)],aeTclI rrpHMeHCHHC caMOCOBMecTHMOl!: MO,IJ.eJ1H ,II,Jl1I BbI'iHcneHHII MOJJ.YJIlI ynpyrocTH ,lJ.BYX­
$a30BIdX BelllecTB, npe,a.nonarall CcPePOH,IJ.HOCTb BJlOlKeHHil:. Ilo,IJ.p06Ho pa3pa60TaHHbI KpallHKe cny'iaK
KrnbI H ,lJ.KCKa. YCTaHOBJleHHO, 'iTO MaKcHManbHoe H3MeHeHHe MO)J.yJIll yrrpyrOCTH MaTpHChI nOCTHraeTCII
B nHMHTHpYlOllleM cny'iae ,lJ.HCKa.


